Abstract. We present an experimental determination of the isothermal magnetic susceptibility of the spin ice materials Dy 2 Ti 2 O 7 and Ho 2 Ti 2 O 7 in the temperature range 1.8 − 300 K. The use of spherical crystals has allowed the accurate correction for demagnetizing fields and allowed the true bulk isothermal susceptibility χ T (T ) to be estimated. This has been compared to a theoretical expression based on a Husimi tree approximation to the spin ice model. Agreement between experiment and theory is excellent at T > 10 K, but systematic deviations occur below that temperature. Our results largely resolve an apparent disagreement between neutron scattering and bulk measurements that has been previously noted. They also show that the use of nonspherical crystals in magnetization studies of spin ice may introduce very significant systematic errors, although we note some interesting -and possibly new -systematics concerning the demagnetizing factor in cuboidal samples. Finally, our results show how experimental susceptibility measurements on spin ices may be used to extract the characteristic energy scale of the system and the corresponding chemical potential for emergent magnetic monopoles.
Spin ice materials [1, 2, 3, 4] are generally discussed in terms of two approximate models: the 'near neighbour' model introduced in Ref. [1, 2] and the 'dipolar model' introduced in Ref. [5, 6] and later refined in Ref. [7] . The main difference between the two models is treatment of the magnetic dipole-dipole interaction that is truncated to near neighbour in the former model but retained in its full (classical) form in the latter [4] . The essential physics of spin ice is contained already in the near neighbour model, with the notable exception of magnetic Coulomb interaction [8] between emergent 'monopole' defects [8, 9, 10] . However it should be noted that quantum effects are neglected in both approaches and these may yet prove to be important at low temperature (T < 1 K) [11, 12] .
The experimental magnetic susceptibility of spin ice materials is a property of considerable interest [1, 13, 14, 15, 16, 17] . It was first reported in Ref. [1, 13] and analysed in terms of a Curie-Weiss law. Later theoretical developments [9, 18, 19] showed that the near neighbour model has a 'Curie Law crossover' in the isothermal susceptibility:
Here the effective Curie 'constant' C crosses over from the paramagnetic value C = C (≈ 4 K for Dy 2 Ti 2 O 7 and Ho 2 Ti 2 O 7 ) as T → ∞, to exactly twice that number C = 2C in the low temperature limit. The detailed theoretical study of Ref. [19] calculated the crossover analytically for a Husimi tree approximation to near neighbour spin ice. It showed that this crossover is an extraordinarily slow function of increasing temperature that is not complete until temperature of order 100 × the characteristic energy scale J of the interactions in the near neighbour model. This surprising result may be ascribed to the long range propagation of local constraints on spin configurations, leading to effectively amplified interactions that are captured in the infinite range summation of the Husumi tree approximation. The predicted slow Curie Law crossover was found to agree very well with the experimental susceptibility of Ho 2 Ti 2 O 7 measured at temperatures T > 10 K by bulk magnetometry and by neutron scattering at both at the Brillouin zone centre 002 and the Brillouin zone boundary 001 [19] . At lower temperatures the susceptibility measured by magnetometry still agreed with theory, as did that measured at the zone boundary, while that measured by neutron scattering at the zone centre showed systematic deviations. The present study was aimed in part at investigating this puzzling disagreement between bulk susceptibilities estimated by two different experimental methods. The resolution of this disagreement, presented here, will facilitate the task of understanding the difference between experiment and theory, possible reasons for which are discussed in Ref. [19] .
The basic principle of magnetic thermodynamics is well known, but worth repeating here. We assume a sample that may be described in the cubic crystal system, as appropriate to spin ice. In this case the susceptibility tensor χ αβ is diagonal with equal components (its representation quadric is a sphere). Hence, the isothermal susceptibility tensor may be replaced by a single scalar quantity, χ T . If a magnetic field is applied to a sample of general shape by a solenoid then the incremental work done to change the magnetization of the sample is:
where r is a position within the sample, H 0 is the applied (solenoidal) field and H 1 is the (irrotational) field arising from magnetic moment density within the sample. Homogeneity and parallel alignment of the magnetization and field are guaranteed only for ellipsoidal samples, in which case the above equation integrates to:
where H int = H 0 − DM is the internal H-field, D is the demagnetizing factor, and M and H are the magnitudes of the vector quantities. For a spherical sample D = 1/3. Assuming a linear medium in sufficiently small field the isothermal susceptibility χ T may be defined as :
The earliest experimental measurements of the bulk susceptibility of single crystals spin ice [1, 13] took careful account of the very strong demagnetizing fields [20] . However the crystals used were not only flux grown and certainly more defective than more recently produced image furnace grown crystals, but also of an irregular block-like shape, rather than the ideal ellipsoid. These factors may have introduced systematic errors into the experimental estimation of the isothermal susceptibility of pristine spin ice.
The work described in this paper used spherical crystals made by commercial handcutting of larger blocks which were provided by D. Prabhakaran [21] . Fig. 1 shows photographs of several such crystals, including at least one that is perfectly spherical to human perception and others less so. We measured the susceptibility of two nominally spherical crystals of each of Dy 2 Ti 2 O 7 and Ho 2 Ti 2 O 7 in order to estimate the effect of departures from an ideal spherical shape. Magnetic susceptibility was measured using a Quantum Design SQUID magnetometer. Crystals were positioned in a cylindrical plastic tube to ensure a uniform magnetic environment. Three measurements were made on each sample: low field susceptibility (at µ 0 H 0 = 0.005, 0.01 and 0.02 T) and fieldcooled (FC) versus zero-field-cooled (ZFC) susceptibility. Also magnetic field sweeps at fixed temperature were performed in order to evaluate the susceptibility accurately and confirm the linear approximation. The FC versus ZFC susceptibility measurements involved cooling the sample to 1.8 K in zero field, applying the weak magnetic field, measuring the susceptibility whilst warming up to 300 K, cooling to 1.8 K again and finally re-measuring the susceptibility while warming. Before switching the magnetic field off, field scans with small steps were performed in order to estimate the absolute susceptibilities. Furthermore, data taken at different fields were compared, such that the high temperature data (above 150 K) should correspond for each crystal. As previously reported [13] , no difference between field-cooled and zero-field cooled magnetization was observed down to 1.8 K for both materials.
The measured susceptibility at high temperature was found to evidence the expected temperature-independent term χ ti that accounts for combined effects of diamagnetism and Van-Vleck susceptibility. The measured susceptibility displayed in this paper represents the Langevin contribution estimated by correcting the measured data for this term. The correction factors used were χ ti (Dy 2 Ti 2 O 7 ) = 1. Fig. 2 shows our main result, where the experimentally determined susceptibilities in the form χ T T /C are compared with theory for coupling parameters appropriate to Dy 2 Ti 2 O 7 and Ho 2 Ti 2 O 7 . Our theory is based on the Husimi tree method [22] where calculations are done on a lattice made of corner-sharing tetrahedra, similar to a pyrochlore lattice in absence of any closed loops of spins beyond a tetrahedron [19] . It is reminiscent of a Bethe lattice where each vertex would be a tetrahedron. The strength of this mean field method is to allow exact recursive results while correctly incorporating the correlations within each frustrated unit brick. It has been successfully compared to Monte Carlo simulations on the true 3-dimensional pyrochlore lattice [23, 19] . From linear expansion in a field, one finds
where J eff is the effective nearest neighbour coupling constant defined in [6] and
Here µ 0 , µ B and k are, respectively, the vacuum permittivity, Bohr magneton and Boltzmann constant; N is the number of magnetic ions (R = Dy, Ho) per unit volume, J is the the quantum number for total electron angular momentum of R 3+ and g J is the Landé g-factor.
A note about Eqn. 6 is in order. The Langevin susceptibility for a single rare earth ion in a state defined by quantum number J may be written:
where m J is the magnetic quantum number and p is the Boltzmann probability. In writing the Curie constant in the form of Eqn. 6 it is assumed that the single ion crystal field ground state is a magnetic doublet composed entirely of the free ion states m J = ±J and that this doublet is well separated in energy from other states. In addition, an extra factor of 3 is necessary in the denominator of Eqn. 6 to account for summing the single ion susceptibility tensor over four sets of ions in the pyrochlore structure of spin ice, each defined by a local trigonal quantisation axis belong to the cubic 111 set. Another way to think about this factor of 3 is to consider that the single ion susceptibility has a single term in its susceptibility tensor while the cubic crystal has three equal diagonal terms. The factor 3 then guarantees that the trace of the tensor is invariant under rotations. Eqn. 6 is reminiscent of the Curie constant of a free ion,
, on account of the restoration of symmetry as one passes from trigonal point symmetry to cubic space symmetry. The assumption that the ground state doublet is a pure m J = ±J state is an approximation [25, 26, 27] , as symmetry requires admixtures of other m J states, but it is believed to be an accurate one [25] and this is born out by our results. Note however, that while Fig. 2 has been obtained without any fitting parameter, in the comparison of Ref. [19] the magnetic moment of the rare-earth ion had to be adjusted by 4% for comparison with bulk measurements. Referring to Fig. 2 , we may draw the following firm conclusions. First, different crystals of the same compound give essentially the same susceptibility χ T (T ), showing that small departures from a perfect spherical shape are unimportant. Second, the experimental estimates of χ T for both spin ice compounds agree very closely with theory at T > 10 K, but show systematic deviations at lower temperatures. Thus the Curie Law crossover reaches a maximum of C ≈ 1.4C, significantly below the theoretical limit of C = 2C. Third, the differences in the susceptibility between the two spin ice compounds accurately mirror the differences in their basic energy scales. In the standard dipolar spin ice model, the parameter J eff , which comprises dipole and exchange contributions, has been evaluated as 1. [10] . The parameters J eff and −µ in the dumbbell model are related by [8] :
It is therefore clear from our results that susceptibility measurements on single crystal samples can be used as a general method of establishing either J eff or µ in spin ice materials. The result, Fig. 2 ., for Ho 2 Ti 2 O 7 differs from that reported in Ref. [1] and exhibited in Ref. [19] in that it deviates from theory at temperatures below ∼ 10 K. It behaves similarly to the neutron scattering susceptibility at zero wavevector (see Ref. [19] ). Given plausible experimental uncertainties in the latter estimation we may conclude that there is is no longer a significant discrepancy between the zero wavevector neutron scattering susceptibility and the bulk susceptibility. However, this opens up a new puzzle: why did the originally measured bulk susceptibility agree so closely with theory down to a low temperature?
To investigate this question we applied the measurement technique described above to four different cuboid crystals of Dy 2 Ti 2 O 7 applying the standard demagnetizing correction for rectangular parallelepipeds [28] . In particular, we chose a cubic[111] Fig. 3 panels a and b. The measured susceptibility in the form χT /C is shown in Fig. 3 , where a significant discrepancy with the result for the spheres is noted. The cuboid results are closer to the theory, but can also be projected onto the spherical result with effective demagnetizing factors of D z = 1/3.20(1), D z = 1/2.00(1), D z = 1/2.17(1) and D z = 1/6.10(1), respectively, or about 8 − 12 % higher than the nominal ones. In view of this, it seems likely that the non-ellipsoidal shape of the sample used in Ref. [1] contributed to the agreement with theory reported in Ref. [19] .
The fact that the experimental data for the cuboidal crystals differs from that of the spherical crystals and also falls on the theory raises a number of issues. The demagnetizing correction used here is the 'magnetometric' demagnetizing factor, which is spatially averaged over the whole cuboidal sample. If the sample fields were homogenous (as they are in a sphere), then the magnetometric demagnetizing factor would give the correct magnetostatic energy [29] and presumably a consistent equation of state and susceptibility. The observed insufficiency of the magnetometric demagnetizing factor implies that either the sample fields are not homogenous in the temperature range discussed, or that Dy 2 Ti 2 O 7 exhibits shape dependent physics in this range, or a combination of these factors. In Table 1 we compare the magnetometric demagnetizing factor with the 'ballistic' (or 'fluxmetric') demagnetizing factor, which is found by averaging over a median plane in the sample [30, 31] , and with the 'experimental' value needed to project the cuboidal data on to the spherical result, as described above. It is seen that the experimental value falls systematically in between the two theoretical estimates, suggesting that the method of averaging does play a role. It appears that all cuboidal samples studied here require a definite demagnetizing factor, which is neither magnetometric nor ballistic, suggesting a new systematic result for cuboids. It may seem surprising that a well-studied problem such as the demagnetizing factor could yield such a new result, but we note that spin ice offers a particularly tough test of the theory of demagnetizing factor as it combines extremely high magnetization density with negligible magnetic stiffness. On the other hand the fact that use of the magnetometric demagnetizing factor projects the susceptibility onto our theory is intriguing. One possible explanation is that the true susceptibility differs from the Husimi susceptibility because of local dipolar terms that be represented, in a mean field sense, as a correction to the demagnetising factor. However, we should also note that the effect of boundaries on the very low temperature susceptibility of spin ice has recently been discussed [32] . In the light of these observations it is not possible to decide at present whether the systematics described above apply to all magnets, or just to a restricted class that includes Dy 2 Ti 2 O 7 , or whether the projection of the cuboidal susceptibility onto theory contains any definite physics. It represents an interesting future challenge to decide between these possibilities.
In conclusion, we have established the true bulk magnetic susceptibility of spin ice down to 1.8 K. There is a significant deviation from the Curie Law crossover expected on the basis of the Husimi tree approximation. In the future it will be useful to extend these results to yet lower temperatures and to compare them with more detailed microscopic models of spin ice that incorporate long range dipolar interactions [6, 7] and quantum fluctuations [11, 12] . More generally we have shown that the use of spherical samples in magnetometry experiments on spin ice is generally highly desirable, to minimise systematic errors. This conclusion may well extend to several other rare earth magnets with the pyrochlore structure. Table 1 . Numerical values of demagnetizing factors. q denotes the aspect ratio of the sample length in the field direction to the orthogonal length (z/x). 'Magnetometric' and 'ballistic' estimates of D z are taken from [30, 31] ; the experimental D z correspond to the corrected value used to project the experimental data onto the spherical result. 
